The paper introduces a family of subnetwork optimization problems as a part of network management theory. Three optimization problems are formulated and the solution methods are described. Five practical situations, when these solutions may be applied, are presented. Possibilities of future research are outlined as well.
Introduction
This paper presents topics met during the last decade by the Research Group of Network Management and Optimization at the Faculty of Management of the University of Economics in Prague. The main purpose of the paper is to show how the transport network theory can help managers of public administration or of carriers in their decision making on the optimal subnetwork choice. Examples of the possible practical situations are mentioned in the chapter 2.
The problems, the paper deals with, belong to network economy theory. This scientific discipline contains several branches. They can be divided into two main directions: The first one focuses networks of mutually connected and interacting enterprises, as described e.g. in the books by Fiala (2008) or DeMan (2004) . The second direction looks for economically optimal transport and telecommunication networks as described e.g. in the papers by Jun Xiao et al. (2008) and Shimoda (2000) .
The later contains, among others, the family of network design problems, namely the ones looking for a subnetwork of the given network. Several papers deal with related topics, concerning a network, represented by a graph G = (V, E, c) with c(e) ≥ 0 expressing a general cost (e.g. passing time, length, building cost, toll etc.) of the edge e ∈ E. The paper by Eades et al. (1982) seeks the maximum planar subgraph of G. The papers by Cheriyan and Thurimella (2000) or by Gabow et al. (2005) seek a λ-edge connected spanning subgraph which minimizes costs of edges when the integer λ > 0 is given. Minimization of total edge costs is also the topic of the papers by Safari and Salavatipour (2008) , Amini et al. (2009) and Vassilevska et al. (2006) . Other papers deal with maximum cost subgraphs, namely Suzuki and Tokuyama (2006) and Amini et al. (2009) .
The problems studied in the present paper look for a subgraph, analogically as the items mentioned above. However, the constraint and objective functions are different. They are formulated precisely in the chapter 3.
Particular cases of the problems are met when the subgraph is linear, i.e. it forms a route. Note that it is not necessary that the route is a path in mathematical sense. It may happen that the route arrives to a vertex v, then it deviates to a vertex u, returns back to v and continues in its original direction.
Examples of Applications
In practice, it is quite often possible to meet managerial decision problems concerning the selection of optimal subnetwork of the given network. In the sequel, some typical ones are mentioned.
Rural Road Network
In the Czech Republic, one can see many regions with the average distance about 2 km between neighboring villages. There are direct roads from a village to other 3, 4 or 5 villages. Such a network is too large for the maintenance, especially in the winter time. The problem is to find a suitable subnetwork. It is necessary not to increase significantly the length of trips between villages.
New Urban Transport in Sprawl Zones
There are many sprawl zones around or within metropolitan areas. The zones are covered by networks of local roads, more or less suitable for the operation of buses, at least the smaller ones. The problem of public administration (and, maybe, together with carriers) is to choose a bus routes subnetwork of the given network. The problem has different variants, depending on whether the network is chosen freely, or whether there are predetermined vertices, such as railway station, subway station, etc.
Urban Trolleybus or Tram Network
It happens that an existing bus network is to be partially transformed to a trolleybus (or a tram) network. The decision problem is to choose the corresponding subnetwork to be electrified.
Urban Bus Transport Intensification
It may happen that the bus transport system in a town is "extensive", i.e. it consists of many routes with long headways, operating on very dense road network. Almost all streets are passed by a bus route, but the passengers there have to wait for the next connection for a long time. If one wants to intensify it without increasing of costs, the existing network must be reduced to a suitable subnetwork.
Leisure Non-Motorized Network
This problem is met when, in a nature area, there is a network of natural, soft (i.e. unpaveed) surface field and forest paths and a trail subnetwork for hiking or leisure cycling is to be chosen. Afterwards, in case of hiking, the trails are marked and all places of impassability are eliminated. In the case of cycling, the trails are hardened, usually bituminized in the width allowing two-way traffic.
Constraints and Objectives
Suppose that a network G = (V, E) and its subnetwork G' = (V', E') are given, i.e. V'⊂V, E'⊂ E. Then the following functions could be done:
where .. + + ra(e 2 ) + ra(v n ) expresses attractiveness of the route r, where the reduction factor r = 1 when corresponding vertex or edge is passed for the first time and r < 1 (e.g. r = 0.2) otherwise.
Remark. The minimal possible length of the route connecting two vertices v and w is the distance d(v, w) of v and w. Obviously, the shortest route connecting two vertices v ≠ w is a path, because it certainly does not pass twice through any its vertex. As one will see, all problems presented in the sequel have their constraint and objectives formulated exclusively in terms of the functions q, t, d, c and a.
Selected Problems
The following problems correspond to the examples mentioned in the chapter 2 (not one-to-one, of course).
The Cheapest Subnetwork with Limited Relative Extension of Distances
Suppose a network G = (V, E, d) is given, together with a set W ⊂ V × V of important pairs and a number y ∈ 〈1; ∞) expressing the relative extension limit. The problem is to find a subnetwork G' = (V', E', d') with the property that d'(e) = d(e) for all e ∈ E' fulfilling the constraint d'(v, w) ≤ y*d(v, w) for all v, w ∈ W and minimizing the total length of E'
Remark. It is shown in Czimerman et al. (2007) that in the particular case of y = 1 the problem is NP-hard and it would be very surprising if for y > 1 it is not.
Remark. The problem 4.1 corresponds to the examples 2.1 and 2.4.
Solution.
The authors were quite successful in solving this problem optimally (in smaller instances) as by depth-first-search as by integer linear programming and (in greater instances) by an original heuristics. The paper describing these results will be completed soon.
The Cheapest Subnetwork with Limited Inaccessibility of Bus Service
Suppose a network G = (V, E, d) is given, together with the inaccessibility limit l∈〈0;∞) and the passenger demand q(v) for each vertex v∈V. Let denote the total number of passengers in the network and for V'⊂ V is the distance of a vertex v ∈ V from the closest vertex w ∈ V'.
The problem is to find a bus service subnetwork G' = (V', E', d') with the property that the mean walking distance to the next stop, expressing "inaccessibility", should not exceed the limit, i.e.
and the costs ought to be minimal:
Remark. The problem 4.2 corresponds to the examples 2.2 and 2.3. The resulting subnetwork G' is then the basis for the construction of bus/trolleybus routes. However, that is outside the scope of this paper. An exception is when G' is linear, i.e. when it represents a route itself.
Solution.
For the case when it is requested that the subgraph G' should be linear, i.e. that it represents a route, the exact methods depth-search-first and integer linear programming are described in the paper by Černá et al. (2011) , together with several heuristics. The general case may be solved by a modification of depth-first-search method and the heuristics. 
The Most Attractive Route for Cyclists or Hikers

Solution.
The depth-first-search method can be found in the paper by Černá and Černý (2012) . The integer linear programming and heuristics are subject of research.
Conclusion
The paper presented practical situations when managers of public administration and of carriers are faced with a problem to find an optimal subnetwork of the given transport network. Three different optimization problems were formulated and possible methods for exact and heuristic solution are presented (if they are known). The open questions are also outlined. One can expect the following direction of the future research:
• exact and heuristic solution of the general case of the problem 4.2; • direct imbracement of route design into the problem 4.2; • integer linear programming and efficient heuristics for the problem 4.3 where one of the difficulties is in the attractiveness reduction when an edge or a vertex are passed for the second time.
